Abstract. Let k be a field, and H a Hopf algebra with bijective antipode. If H is commutative, noetherian, semisimple and cosemisimple, then the category H YD H of Yetter-Drinfeld modules is semisimple. We also prove a similar statement for the category of Long dimodules, without the assumption that H is commutative.
Introduction
Let H be a Hopf algebra at the same time acting and coacting on a vector space M. We can impose various compatibility relations between the action and coaction, leading to different notions of Hopf modules. Hopf modules are already considered by Sweedler [13] , and they have to satisfy the relation ρ(hm) = ∆(h)ρ(m) = h 1 m 0 ⊗ h 2 m 1
One can also require that the H-coaction is H-linear: ρ(hm) = hρ(m) = hm 0 ⊗ m 1 A module satisfying this condition is called a Long dimodule. Long dimodules are the building stones of the Brauer-Long group, in the case where the Hopf algebra H is commutative, cocommutative and faithfully projective (see [7] , and [1] for a detailed discussion). Long dimodules are also connected to a non-linear equation (see [9] ). Another -at first sight complicated and artificial -compatibility relation is the following:
A module that satisfies it is called a Yetter-Drinfeld module. There is a close connection between Yetter-Drinfeld modules and the Drinfeld double (see [4] ): if H is finitely generated projective, then the category of Yetter-Drinfeld modules is isomorphic to the category of modules over the Drinfeld double. Yetter-Drinfeld modules have been studied intensively by several authors over the passed fifteen years, see for example [2] , [6] , [8] , [11] , this list is far from exhaustive. One of the important features is the fact that the category of Yetter-Drinfeld modules is braided monoidal. As Long dimodules, Yetter-Drinfeld modules are related to a non-linear equation, the quantum Yang-Baxter equation (see e.g. [5] ). If H is commutative and cocommutative, then Yetter-Drinfeld modules coincide with Long dimodules. In this note, we give sufficient conditions for the categories of YetterDrinfeld modules and Long dimodules to be semisimple (Section 3) and we study projective and injective dimension in these categories. Our main result is that the category of Yetter-Drinfeld modules is semisimple if H is a commutative, noetherian, semisimple and cosemisimple Hopf algebra over a field k. The same is true for the category of Long dimodules, without the assumption that H is commutative. For generalities on Hopf algebras, we refer the reader to [3] , [10] , [13] . For a detailed study of Hopf modules and their generalizations, we refer to [2] .
Preliminary Results
Let k be a commutative ring, and H a faithfully flat Hopf algebra with bijective antipode S. Unadorned ⊗ and Hom will be over k. We will use the Sweedler-Heyneman notation for comultiplication and coaction: for h ∈ H, we write ∆(h) = h 1 ⊗ h 2 (summation implicitly understood), and for a right H-comodule (M, ρ M ) and m ∈ M, we write
H will be the categories of respectively left H-modules and left H-linear maps, and right H-comodules and right H-colinear maps. If M and N are right H-comodules, then we denote the k-module consisting of right H-colinear maps from M to N by Hom H (M, N).
is called the k-submodule of coinvariants of M. Observe that H coH = k. Suppose that a k-vector space M is at the same time a left H-module and a right H-comodule. Recall that M is called a left-right YetterDrinfeld module if
for all m ∈ M and h ∈ H. M is called a left-right Long dimodule if 
is exact. This is the case if H is cosemisimple and k is a field. 
Proof. This result is well-known, and the proof is a straightforward computation. 
The coaction is defined by
if and only if
Proof. 1) It is clear that M ⊗ H N is an H-module. An easy verification shows that the H-coaction is well-defined on the tensor product over H and that the necessary associativity and counit properties are satisfied, so that M ⊗ H N is also an H-comodule. M ⊗ H N is a Yetter-Drinfeld module, since we have for every h ∈ H that
so π(f ) is H-linear, and π restricts to a map
Now H is finitely generated and projective as an H-module, so we have a natural isomorphism H Hom(M, N ⊗ H) ∼ = H Hom(M, N) ⊗ H, and we obtain a map
It is straightforward to show that π makes H Hom(M, N) a right Hcomodule. Now take f ∈ H Hom H (M, N) and m ∈ M. Then
and f is H-colinear. 2b) Clearly H Hom(M, N) is an H-module and, by a), it is an Hcomodule. On the other hand, we have
Remark 1.3. The results in Lemma 1.2 remain true after we replace
The H-coaction on H Hom(M, N) is also defined by (1) . Part 2a) of Lemma 1.2 then also holds if H is noncommutative. Proof. 1) is well-known: the k-isomorphism
2) follows immediately from (1).
Let V be an H-comodule which is finitely generated and projective as a k-module. By Lemmas 1.1 and 1.4, H ⊗ V is an object in H YD H and in H L H , and is finitely generated projective as an H-module. So if N is an object of H YD H and if H is commutative, then, by Lemma 1.2,
Lemma 1.5. Let H be commutative and N ∈ H YD H .
(1) If V is an H-comodule which is finitely generated and projective as a k-module, then the H-comodules H Hom(H ⊗ V, N) and Hom(V, N) are isomorphic. (2) Let k be a field and V a finite-dimensional H-comodule that is projective as an H-comodule. Then H ⊗ V is a projective object of H YD H .
Proof. 1) Consider the canonical k-isomorphism
2) By 1) and Lemma 1.2, we have 
Proof. If there exist a finite dimensional H-comodule V and an epimorphism of H-modules π : H ⊗ V −→ M, then H ⊗ V is finitely generated as an H-module and M is a quotient of H ⊗ V in H M, so M is finitely generated in H M. Suppose that M is finitely generated as an H-module, with generators {m 1 , · · · , m n }. By [3, 5.1.1], there exists a finite dimensional Hsubcomodule V of M containing {m 1 , · · · , m n } and the k-linear map
Let H * be the linear dual of H. If M and N are H-comodules, then
Proof. For all α ∈ H * , f ∈ Hom H (M, N), h ∈ H and m ∈ M, we have
and it follows that αf is H-linear. Observe that we used the commutativity of H.
Recall that a left H * -module M is called rational if there exists a right H-coaction on M inducing the left H * -action. given by φ(f )(m ⊗ n) = f (m)(n). We will show that φ restricts to an
